The pull-in instability of two nanotubes under van der Waals force is studied. The cantilever beam with large deformation model is used. The influence of nanotube parameters such as the interior radius, the gap distance between the two nanotubes, etc, on the pull-in instability is studied. The critical nanotube length is determined for each specific set of nanotube parameters. The Galerkin method is applied to discretize the governing equations, and it shows good convergence. 
Nomenclature

A
Hamaker constant, A = π 2 Cρ 1 ρ 2 A 1 , A 2 nanotube cross-section areas, A 1 = π r 4 r 1 , r 3 nanotube interior radii r 2 , r 4 nanotube exterior radii L nanotube length N 1 , N 2 axial forces on the two nanotubes T distance between the two nanotubes neutral axes, T = D + r 2 + r 4 t nanotube thickness u 1 , u 2 nanotube deflections U 1 , U 2 nanotube dimensionless deflections ρ 1 , ρ 2 number of atoms per unit volume in the two bodies
Dimensionless ratios: 
Introduction
The rapid growth of micro/nanoscale fabrication technologies in recent years has led to the development of various micro/nanoelectromechanical systems (MEMS/ NEMS). Cantilever-based MEMS/NEMS structures such as microcantilever sensors [1, 2] , microaccelerometers [3] , atomic force microscopes (AFM) [4] [5] [6] , microswitches [7, 8] etc are widely used. Since their discovery, carbon nanotubes have generated various application ideas due to their remarkable properties. Nanotweezers are one of the carbon nanotube applications. Kim and Lieber [9] were the first to attach two carbon nanotube bundles to a tapered glass structure to fabricate nanoscale tweezers. Voltage is applied to the electrode to open and close the free ends of the cantilever nanotubes. Akita et al [10] attached two carbon nanotubes to the metal electrodes patterned on a conventional Si tip to fabricate such nanotweezers. As the structure scale reaches the micro/nano level, the forces such as Casimir [11] and van der Waals (vdW) [12, 13] have a lot of influence on the structures. Dequesnes et al [13] studied the cantilever nanotube pull-in instability under the influence of vdW and electrical forces. Their vdW force is the nanotube-substrate force, which is not applied to nanotweezers' nanotube-nanotube structure. During their derivation of vdW force, the single-wall carbon nanotube structure is modelled as a solid structure, which may not be applicable to the nanotube structure with relatively large interior radius. This paper presents a more general model, which calculates the vdW force by considering the influence of the nanotube interior and exterior radii and modelling the nanotube as a continuous system. Rotkin [14] obtains the analytical solution of the nanotube-substrate system by modelling the system as a one degree of freedom system and setting the first and second derivatives of the system's total energy to be zero. As the nanotube-substrate structure also forms a capacitance-like structure, the electrical force together with vdW force is included in Rotkin's model. The model presented in this paper is the pull-in instability study of the nanotube-nanotube structure, which is a more suitable model for nanotweezers' structure. Dequesnes's pull-in criterion is based on the study of a system with one degree of freedom, which is not true for a continuous system. In this paper, the pull-in instability is found by studying the structure deflection curve slope. In this paper, vdW force is the sole force causing pull-in instability. For nanotweezers without an electrical actuation, vdW force is the dominant force.
The critical design data can be obtained for nanotweezers by studying the pull-in instability under vdW force. The nanotube is modelled as a cantilever beam structure. The influence of the gap distance between the two nanotubes and the different interior and exterior radii on the pull-in instability is studied. The pull-in instability of several nanotube structures is compared.
Model development
Equilibrium equation
Consider the two cantilevered carbon nanotubes under vdW force in figure 1 . The total vdW energy is computed by the double volume integral of the Lennard-Jones potential [13, 15, 16] ,
where V 1 and V 2 are the two (volume) domains of the integration, ρ 1 , ρ 2 are the number of atoms per unit volume in the two bodies and r is the distance between any points in bodies V 1 and V 2 . For the two-nanotube shell-like structure, E vdW is obtained by superposing the four-solid-cylinder vdW energy [17] as
Here shell1 is the (hollow) cylinder with interior radius r 1 and exterior radius r 2 , shell2 is the (hollow) cylinder with interior radius r 3 and exterior radius r 4 . sc1 is the solid cylinder with radius r 1 , sc2 is the solid cylinder with radius r 2 , sc3 is the solid cylinder with radius r 3 and sc4 is the solid cylinder with radius r 4 . Thus, the two nanotubes' vdW energy E vdW is computed by using the formula given by Israelachvili [16] for the solid cylinder as
where A is the Hamaker constant, L is the nanotube cylinder length, D is the distance between the two nanotubes' edges. Here the two nanotubes are assumed to have the same thickness and length. u 1 , u 2 are the two nanotubes' deflections and it is worth pointing out that u 1 is the coordinate of the first nanotube and u 2 is not the coordinate of the second nanotube as the coordinate system in the schematics of figure 1 shows. The coordinate of the second nanotube is T −u 2 and u 2 is a positive number. The vdW force f vdW (per unit length) between the two nanotubes can be derived by taking the derivative d(E vdW /L)/dD [13, 16] 
Here the governing equation is developed individually for each nanotube for reasons of brevity. The equilibrium equations derived by this method are no different from the equations derived by writing the system energy together. For nanotube 1, the elastic bending energy U B1 is
where EI 1 is the bending stiffness for nanotube 1. And the elastic stretching energy U s1 due to the axial force N 1 is
For the case of the nanotube studied here, there is no axial force, i.e. N 1 = 0, U s1 = 0. The nanotube elastic stretching energy U N 1 due to the large deformation is [18] 
where A 1 is the cross-section area of nanotube 1, E is the nanotube Young's modulus. The work W vdW1 done by the vdW forcef vdW is
By using the principle of virtual work (PVW) δ(
Similarly, the equilibrium equation for the second nanotube is derived as
Once again, it is pointed out that u 2 is not the coordinate of the second nanotube. Equations (1) and (2) do obey Newton's third law that the vdW force f vdW acting on nanotube 1 has the same magnitude as the vdW force acting on nanotube 2 but the opposite direction. For the cantilever beam structure, the boundary conditions are
and
Nondimensionalization
To nondimensionalize equations (1) and (2), the following dimensionless numbers are introduced
Equations (1) and (2) are nondimensionalized as β is the parameter indicating the relationship between the nanotube size and distance between the two nanotubes (the nanotube thickness here is assumed to be fixed). In all the examples computed in this paper, β is a very small number. So the nonlinear part contribution to the governing equation may be relatively important. Its contribution also depends on U i and (U i ) 2 (i = 1, 2), which are unknown. The vdW energy has the order of [16] 
so the ratio is as follows:
Here η only indicates the order of the ratio of the two energies, not the actual ratio because the critical parameter, the thickness is not shown in η. The boundary conditions are also nondimensionalized as
Galerkin method
In order to compute the coupled nonlinear equations (5) and (6), the Galerkin method is applied to discretize the two equilibrium equations. U 1 and U 2 are assumed to have the following expansions,
where N is the mode number and a i , b i are the unknown constants to be determined. φ i (ξ ) is the cantilever beam mode shape given by Craig and Chang [19] . The asymptotic approximation and simpler expression of φ i (ξ ) are given by Dowell [20] and Dugundji [21] . In this paper, Craig and Chang's mode shape is used. By substituting U 1 , U 2 in equations (9) and (10) into equations (5) and (6), multiplying equations (5), (6) by φ i (ξ ) and then integrating from 0 to 1, the equilibrium equations are changed as
There are 2 × N equations and 2 × N unknowns (a i , b i , i = 1 to N ). The Newton-Rhapson method is applied to solve the nonlinear equations. (A, L, E, r 1 ) are fixed, the only and direct way of changing η is to change the distance between the two nanotubes' neutral axes (T ) and η ∝ 1/T 7/2 . We also change η by changing T, r 1 and L together (see figures 6 and 7) to achieve pull-in values. Because in figure 2 the two nanotubes have the same interior radii, thickness, length and Young's modulus, U 1 has the same value as U 2 . Clearly the pull-in nanotube tip deflections U 1 (1) and U 2 (1) do not converge well as the mode number increases. Increasing mode number does not improve the convergence of U 1 and U 2 . As the system approaches the pull-in point, the curve slope increases dramatically. When the slope is infinite, pull-in happens [22] . There is also the numerical difficulty of finding the pull-in displacement. Any small η change around the pull-in point will cause large U i (i = 1, 2) change. The critical pull-in U i (i = 1, 2) largely depends on the step size of η. In this paper, all the computation results are obtained by using five mode shapes. Because most researchers adopt E = 1 TPa and t = 0.34 nm for single-wall carbon nanotubes [23] , this paper assumes such Young's modulus and thickness unless other Young's modulus and thickness are specified. Figure 3 shows the two nanotubes' neutral axes deflection at the critical pull-in point η = 40.5 obtained from figure 2. Figure 4 shows the two nanotubes with different radii, r 1 = 1.33 nm and r 3 = 2.63 nm. For the nanotube with larger interior radius (the two nanotubes have the same thickness), its larger bending stiffness (EI ) will cause smaller deflection because the vdW force acting on the two nanotubes has the same magnitude but the opposite direction. Figure 5 shows the deflection of the two nanotubes' neutral axes at the pull-in η = 66.6. Figure 6 shows β and pull-in η of the nanotubes with the same interior radii as D changes. The interior radii r 1 and r 3 are chosen as 2.63 nm, 1.33 nm [24] , 0.28 nm [25] and 0.18 nm [26] . D starts from 50 nm to 780 nm. From figure 6 , β decreases monotonically but pull-in η does not as D increases. Figure 7 shows the pull-in nanotube length L, which is computed from pull-in η, as D changes. Here the Hamaker constant A is taken as 23.8 × 10 −20 J [27] . Clearly in figure 7 , the pull-in length L increases monotonically as D increases. As D increases, the vdW force reduces and for each individual set of nanotubes, the thickness and interior radii do not change, thus, the nanotube cross-section bending stiffness (EI ) does not change, either. In such a case, increasing the nanotube length, which reduces the system flexibility, is the only way to let the carbon nanotube system reach the pull-in instability.
Results and discussion
Conclusion
The pull-in instability of a tweezer-like nanostructure is studied. The pull-in points of the two-nanotube system are found by studying the nanotube neutral axes deflection curve as its slope approaches infinity. The influence of the two nanotubes' distance and interior radii on the pull-in instability is analysed. For the nanotubes with the different interior radii, the pull-in nanotube length is given. This pull-in instability study offers data on the nanotube gap size and length for nanotweezers design. The model accounts for the large deformation as a nonlinear part in the governing equations, which can be easily extended to the study of other structures under the vdW force influence. However, during the derivation of vdW force, the model does not account for the nanotube interlayer interaction. Thus the model may not be applied to the analysis of a multi-wall nanotube structure under vdW force.
